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We construct particle-like solutions in Einstein-scalar-Gauss-Bonnet theories in four spacetime
dimensions, representing globally regular spacetime manifolds. The scalar field diverges at the
origin, but the effective stress-energy tensor is free from pathologies. We determine their domain of
existence and compare with wormhole solutions, black holes and Janis-Newman-Winicourt-Wyman
(JNWW) solutions, also known as Fisher solution. Many of the particle-like solutions represent
ultracompact objects, featuring a lightring and echos.
Introduction.– In flat space time, numerous field theories possess non-perturbative localized solutions,
describing particle-like objects, often simply termed solitons (see e.g. [1]). Famous examples are magnetic
monopoles, Skyrmions and Q-balls. Typically, these solitons can be promoted to self-gravitating particle-like
solutions, when coupled to Einstein gravity. But gravity also allows for similar particle-like solutions, that do
not have a flat space time limit (see e.g. [2]). Yet the quest for particle-like solutions in gravity is in fact much
older and was widely discussed in the context of geons by Wheeler and Brill and collaborators [3–5].
Here we continue this quest for particle-like solutions in gravity, studying, however, generalized gravitational
theories that are motivated from a quantum gravity perspective and include higher-curvature contributions in
the action in the form of the quadratic Gauss-Bonnet (GB) term [6–8]. In four space-time dimensions, the
coupling to a scalar field then leads to a class of Einstein-scalar-Gauss-Bonnet (EsGB) theories, characterized
by the choice of the coupling function. EsGB black holes and their properties have been widely studied already,
revealing new phenomena, like a minimum mass [9] or the violation of the Kerr bound [10] in the case of an
exponential coupling function and, more recently, the presence of scalarization and the emergence of novel
solutions with scalar hair for more general coupling functions [11–16].
The presence of the GB term generalizes the field equations such that, when included on the right-hand side
of the equations, an effective stress energy tensor arises, that may lead to violations of the energy conditions.
Interestingly, such EsGB theories then give rise to wormhole solutions, that – in stark contrast to General
Relativity (GR) – do not need any form of exotic matter [17–19]. Therefore, the presence of this plethora of
new phenomena arising in EsGB theories makes one wonder whether gravitational geons, and thus particle-like
solutions featuring a completely regular space-time should not be another astounding feature of these theories.
Here we show that, for a set of coupling functions, this is indeed the case, by constructing numerous families
of particle-like solutions, that possess a globally regular asymptotically flat metric and an everywhere regular
effective stress energy tensor, although the scalar field of the solutions diverges at the center. We explore the
solution space of these particle-like solutions, and address their relation to wormholes, black holes, and the
JNWW solution [20–24]. An important implication therefore of our analysis is the complete characterization of
all static spherically-symmetric solutions in EsGB theory.
Finally, we will scrutinize the novel particle-like solutions with respect to their potential astrophysical im-
plications. In particular, we show that many of them are highly compact, such that they may be classified as
ultracompact objects (UCOs) [25], possessing a lightring, and thus a shadow, analogous to a black-hole shadow.
Moreover, since these particle-like solutions are horizonless, they will feature echos [25–27].
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2EsGB Theory.– A general EsGB theory may be formulated in terms of the following effective action
S =
1
16π
∫
d4x
√−g
[
R − 1
2
∂µφ∂
µφ+ F (φ)R2GB
]
, (1)
with a scalar field φ, a coupling function F (φ), and the GB invariant R2GB = RµνρσR
µνρσ − 4RµνRµν +R2.
Variation of the action with respect to the metric, respectively the scalar field, leads to the coupled set of
field equations
Gµν = Tµν , ∇2φ+ F˙ (φ)R2GB = 0 , (2)
with effective stress energy tensor
Tµν = −1
4
gµν∂ρφ∂
ρφ+
1
2
∂µφ∂νφ− 1
2
(gρµgλν + gλµgρν) η
κλαβR˜ργαβ∇γ∂κF (φ) . (3)
Here, we have denoted the derivative with respect to the scalar field by a dot, and we have defined R˜ργαβ =
ηργστRσταβ and η
ργστ = ǫργστ/
√−g.
Focussing on static spherically-symmetric solutions, we employ the line-element
ds2 = −ef0dt2 + ef1 [dr2 + r2 (dθ2 + sin2 θdϕ2)] , (4)
where f0 and f1 are functions of r only; likewise the scalar field depends only on r. Substitution of the ansatz for
the metric and scalar field in the field equations yields a system of four coupled, nonlinear, ordinary differential
equations. Three of them are of second order and can be reduced to a system of two independent second-order
equations for f1 and φ. The fourth equation is of first order and serves as a constraint that determines the form
of f0 in terms of f1 and φ. We note that the equations are invariant under the scaling
r → λr , F → λ2F , λ > 0. (5)
Expansions.– We have performed an asymptotic expansion for r →∞ up to O (r−5), showing asymptotic
flatness, and yielding the mass M and the scalar charge D of the solutions [28]
f0 = −2M
r
+O (r−3) , f1 = 2M
r
− D
2 + 4M2
8r2
+O (r−3) , φ = φ∞ − D
r
+O (r−3) . (6)
The expansion at the origin is more involved, however, it demonstrates regularity of the space-time at r = 0
in all cases we studied. Here, we restrict to polynomial coupling functions F (φ) = αφn, n ≥ 2, and dilatonic
coupling functions F (φ) = αe−γφ. For a polynomial coupling function, as r → 0, we assume power-series
expansions for the metric functions and that the scalar field behaves like φ = φc − c0/r+ Pφ(r), where Pφ(r) is
a polynomial. Substituting the expansions in the Einstein and scalar field equations, the expansion coefficients
can be determined successively. It turns out that the lowest (non-zero) order is exactly n in the expansion of
the metric functions and n− 1 in the expansion of Pφ(r). For instance, for n = 2, we explicitly find
f0 = f0c +
ef1c
64α
r2
(
1 +
2
3
φc
c0
r
)
+O(r4) , f1 = f1c +
(
ef1c
64α
+
ν3
6
r
)
r2 +O(r4) , (7)
φ = −c0
r
+ φc − c0
[
ef1c
256α
(
1 +
φc
3c0
r
)
+
ν3
24
r
]
r +O(r3) , (8)
where f0c, f1c, ν3, φc, and c0 are arbitrary constants. The coefficients of all higher-order powers can be expressed
in terms of these constants.
In the case of the dilatonic coupling function F = αe−γφ, with γ > 0, we instead assume a non-analytic
behaviour of the form fi = fic + pi(r) e
−γ
c0
r + · · · for the metric functions, where c0 > 0, pi(r) are polynomials
in r, and · · · indicate terms of order less then e−γ c0r . A similar expression is employed for the scalar field but
with the addition of the singular term −c0/r as in Eq. (8). Then, to lowest power in e−γ
c0
r , we obtain
f0 = f0c +
(
ef1c
16γ2αe−γφc
)
r2
(
1− 2 r
γc0
)
e−γ
c0
r , f1 = f1c +
(
ef1c
16γ2αe−γφc
+ ν3r
)
r2 e−γ
c0
r , (9)
3φ = −c0
r
+ φc + c0
[
ef1c
32γ2αe−γφc
(
1− 3
2
1
γc0
r
)
+
ν3
2
r
]
re−γ
c0
r . (10)
The effective stress-energy tensor (3) remains regular over the entire spacetime and for either form, polyno-
mial or exponential, of the coupling function. At large distances, all components vanish in accordance to the
asymptotically-flat limit. At the origin, for the quadratic coupling function, we find the following values
T tt (0) =
3
32α
, T rr (0) = T
θ
θ (0) = T
ϕ
ϕ (0) =
2
32α
. (11)
In terms of the energy density ǫ0 = −T tt (0) and pressure p0 = T rr (0) = T θθ (0) = Tϕϕ (0), this can be expressed
by the homogeneous equation of state p0(ǫ0) = − 23ǫ0. Interestingly, the stress-energy tensor at the origin does
not depend on the mass or the scalar charge. Moreover, the energy density at the origin is negative for positive
α. We note that for polynomial coupling functions with powers n > 2 and for the dilatonic coupling function
all components of the stress-energy tensor vanish at the origin.
As expected, the spacetime itself remains everywhere regular. Substitution of the expansion Eqs. (7)–(8) in
the curvature invariants yields for the polynomial coupling function with n = 2
R(0) = − 9
32α
, RµνR
µν(0) =
21
(32α)2
, RµνκλR
µνκλ(0) =
15
(32α)2
, R2GB =
12
(32α)2
, (12)
while for higher powers n > 2 and for dilatonic coupling function the curvature invariants vanish at the origin.
Numerical procedure and results.– In order to solve the ODEs numerically we introduce the new
coordinate ξ = r0r , where r0 is a scaling parameter. When rescaling α → αr20 , all ODEs become independent
of r0. Hence we may choose r0 = 1 without loss of generality. We treat the ODEs as an initial value problem
using the fourth-order Runge Kutta method. The initial conditions follow from the asymptotic expansion of
Eqs. (6)
f0 ini = 0 , f1 ini = 0 ,
df1
dξ ini
= 2M , φini = φ∞ ,
dφ
dξ ini
= −D . (13)
We note that all higher-order terms in ξ can be expressed in terms of M , D and φ∞. Thus, for a given coupling
function the solutions are completely determined by these three parameters. For the numerical procedure, we
consider ξmin ≤ ξ ≤ ξmax, with ξmin = 10−8 and ξmax = 100 for the quadratic coupling function, and ξmax = 10
for the dilatonic coupling function.
Typical examples of these particle-like solutions are presented in Fig. 1, where we have introduced the scale
invariant quantities d = D/M , αˆ = 8α/M2 and rˆc = rc/M , with rc the circumferential radius. They clearly
demonstrate the regularity of the metric at the origin, in full agreement with the asymptotic expansions.
In delimiting the domain of existence of these particle-like solutions, we again employ the scale invariant
quantities d and αˆ, restricting to α ≥ 0. The respective domains are exhibited in Fig. 2 for the dilatonic
coupling function (Fig. 2a) and the quadratic coupling function (Fig. 2b), with φ∞ = 0. For the dilatonic
coupling function, particle-like solutions exist when, for some fixed value of αˆ, the scaled scalar charge d is
larger than a critical value dcr(αˆ). The curve dcr(αˆ) then forms the boundary of the domain of existence. In
the limit d→ dcr the solutions develop a cusp singularity.
For the quadratic coupling function, the domain of existence is bounded by solutions with cusp singularities
and by singular solutions where gtt vanishes at some point. For a non-vanishing asymptotic value of the scalar
field, i.e. φ∞ = 1, the domain of existence consists of two disconnected regions. For φ∞ = 0, the domain of
existence has a more interesting structure. Due to the symmetry φ→ −φ, all particle-like solutions come now
in pairs with positive and negative scalar charge – Fig. 2b is restricted to positive values of D. Also, the domain
of existence consists of many disconnected regions due to the emergence of excited solutions for large αˆ (only
the first two regions are shown in Fig. 2b). In some region of the domain of existence, independently of the
value of φ∞, particle-like solutions appear where the spacetime around them possesses a throat and an equator.
Let us compare with the domain of existence of wormholes and black holes. For the dilatonic coupling function,
the domains of existence of particle like solutions and wormholes do not overlap, although their boundaries
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FIG. 1: Particle-like solutions for the quadratic coupling function with φ∞ = 0: (a) The metric component −gtt vs the
scaled circumferential coordinate rˆc; (b) the metric component grr and the scalar field φ vs rˆc.
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FIG. 2: Domains of existence: The scale invariant quantities d and αˆ of particle-like solutions (blue) for the (a) dilatonic
coupling function and (b) quadratic coupling function, with φ∞ = 0. Also indicated are the wormholes (red) and black
hole (black) solutions. In the dark blue region particle-like solutions and wormholes co-exist. The dashed curve indicates
the boundary of solutions for which photonspheres exist. Solutions without photospheres are located above and to the
right of the dashed curve.
almost touch. This is in contrast to the case of the quadratic coupling function. Here, the region where particle-
like solutions with a throat and an equator exist overlaps with the domain of existence of wormholes. Indeed,
in this region the wormholes can be constructed from the particle-like solutions by cutting the spacetime at
the throat or equator and continuing symmetrically to the second asymptotic region after a suitable coordinate
transformation. The black-hole solutions form part of the boundary of the domain of existence of the wormholes,
but not of the particle-like solutions.
Relation to JNWW solution.– For vanishing coupling function, EsGB theory reduces to GR with a self-
gravitating scalar field. Here (singular) solutions are known in closed form (JNWW) [20], [21–24]. In isotropic
coordinates, as in Eq. (4), these GR solutions read
ef0 =
(
1− 12s Mr
1 + 12s
M
r
)2s
, ef1 =
(
1− 1
(2s)2
M2
r2
)2(
1− 12s Mr
1 + 12s
M
r
)−2s
, φ = φ∞ ± s d ln
(
1− 12s Mr
1 + 12s
M
r
)
, (14)
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FIG. 3: Energy density and mass function for the quadratic coupling function (φ∞ = 0): (a) The −T
0
0 component of
the effective stress-energy tensor vs the circumferential radius; (b) the mass µ(rˆc) within a volume with circumferential
radius rˆc.
where d = D/M is again the scaled scalar charge and s = 1/
√
1 + d2/4. The singularity is located at rs = M/2s.
The Schwarzschild black hole is obtained in the limit d→ 0, corresponding to s→ 1.
The EsGB solutions can be related to the aforementioned GR solutions as follows. In the limit d→ ∞, the
scale symmetry Eq. (5) implies the scaling of mass, scalar charge, and coupling strength as M → λM , D → λD
and α → λ2α. When scaling with λ = 1/D, the coupling functions vanish in this limit, and we are left with a
self-gravitating scalar field in GR. This solution can be obtained from the JNWW solution Eq. (14) in the limit
d→∞ for fixed rs, which implies s→ 0 with fixed s d. Similarly, in the limit αˆ→ 0, for fixed d the particle-like
solutions tend to the JNWW solution, if r is larger than the coordinate of the JNWW singularity, i.e. r > rs.
Observational effects.– A photon emitted by a source located at the origin is seen by an observer in the
asymptotic region with a redshift factor z = λasym/λemit − 1, where λasym,emit is its wavelength at detection
and emission, respectively. This quantity depends on the metric component gtt(0) at the origin, and is given by
the expression z = e−f0(0)/2 − 1 . For the dilatonic and quadratic coupling functions with φ∞ = 1, the redshift
factor increases with decreasing αˆ, and takes very large values as the JNWW limit it approached. Interestingly,
for particle-like solutions arising for the quadratic coupling function with φ∞ = 0, the redshift factor can take
both positive and negative values, and thus allow also for a gravitational blue shift.
Let us finally consider the energy density −T 00 and the mass function µ(rˆc) defined via µ = −1/2
∫ rˆc
0 T
0
0 rˆ
2
cdrˆc
of these particle-like solutions, where rˆc is the circumferential radius. These are illustrated in Fig. 3 for the
quadratic coupling function (φ∞ = 0). As expected from the shell-like behaviour of the energy density, shown
in Fig. 3a, the mass function µ(rˆc), shown in Fig. 3b, exhibits a characteristic steep rise towards its asymptotic
value in the vicinity of rˆc = 2 for many of the particle-like solutions, qualifying them as highly compact objects.
This holds for both the quadratic and the dilatonic coupling function. Consequently, an inspection of their
lightlike geodesics reveals that these also possess a lightring, i.e., a photonsphere, and thus represent UCOs [25].
This is illustrated in Fig. 4, where the effective potential for lightlike geodesics is shown for the same set of
solutions. The emergence of solutions which possess a photonsphere is indicated in Fig. 2 by the dashed curves.
When considering the propagation of gravitational waves around these UCOs, the absence of a horizon will lead
to a sequence of echos with decreasing amplitude [25, 26]. The study of these, however, will be deferred to a
later time.
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FIG. 4: Effective potential Veff and photonsphere located at the maximum of Veff vs the circumferential radius rˆc of
particle-like solutions for the quadratic coupling function with φ∞ = 0.
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